Some equations that are scaled to the square equation

1) Type of equation ax* +bx>+c=0

This type of equation we solve with replacement x> =¢, get equation at’ +bt+c =0 ,and

—hHh4Alp?
find ¢, = bt 2b dac ; then we go back to replacement:
a

x’ and X" =t,

=1,
X, = i\/z and Xy 4= i\/g

Example 1. Solve the equation: x* —4x*>+3=0

Solution:

x*—4x* +3=0= replacement x’> =t

£’ —4t+3=0
a=1 .z Vb —dac  —(-4)t4(-4)*-4-1-3
b=-4 b2 2a 21
c=3 f _A£N16-12 442
1,2 2 2
NCE
2
4-2
tz:TZI
Back inx* =¢:
x2=t1 x2:t2
2_ 2_
X =3 and r=
xlz:i\/5 9634:i\/I
x1=+\/§ X, =+1



Example 2. Solve the equation: (4x> —5)* + (x> +5)> = 2(8x"* —83)

Solution:

(4x* =5)" +(x* +5)> =2(8x" - 83)
16x* —40x* + 25+ x* +10x* +25 =16x" —166
x*=30x* +50+166=0
x*—=30x"+216=0 — replacement : x° =¢
1 +30t+216=0
a=1 . _—b\b’ —dac _30£+/900-864
b=-30 L2 24 - 2
c=216 30+6
1,2 = )
t, =§:18
2
t, _2% )
2
Now
x*=18 x* =12
X, = +/18 X34 =+J12
xl,z :i3\/5 x3,4 :iz'\/E
xl =+3‘\/§ x3 :—+_2'\/E
X, =32 X, =-2\2

Example 3. Solve the equation: (x> —2x)> —2(x*-2x)=3

Solution:

It is better to take the replacement: x> —2x =¢

(x* =2x)* =2(x* =2x) =3

2
(x* =2x)| =2|(x* =2x)|=3
2 =2t=3
t?=2t-3=0
; _—bi\/bz—4ac
a=1 v 2a

2 2
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Let's go back nowto  x” —2x=t¢

T

D=t x2—2)c=t2
B!

x2_2x:3 x2_2x:_1

x2_2x_3:() x2_2x+120

We have now two new square equation :

2
, a=1 2+4
x=2x-3=0 _______5 B A
b=-2 ; 2
c=-3 X, =
x,=-1
2+V4-4
X34 = 5
a= 2+0
) X34 =75
X -2x+1=0 — =2 — 5 2
c= =
x, =1

Therefore, solutions are: {3,—1,1,1}

Example 4: Solve the equation: x(x+1)(x+2)(x+3)=0,5625

Solution: If we multiply all , then we have the problem!

Try to multiply the first two, and the other two, to see what will drop ..

(x* +x)(x* +3x+2x+6)=0,5625
(x> + x)(x> +5x+6)=0,5625 - Not good!

Try to multiply the first and fourth, and second and third

x(x+1)(x+2)(x+3) = 0,5625

(x* +3x)(x* +2x +1x+2) = 0,5625
(x> +3x)(x” +3x+2)=0,5625



Well, this is the better = replacement: x* +3x =1

t-(t+2)=0,5625
t* +2t-0,5625=0

2444225 2425

12 = =

2 2
t, =+0,25
t,=-2,25
x* +3x =t, x*+3x=t,
x* +3x=+40,25
2 —_
¥ +3x-0,25=0 ¥ 43x=-225
34941 x> +3x+2,25=0
X, =—
b 2 L _T3EV9-9
L _-3xdo v 2
b2 2 ; _—3+40
~3+4/10 i 2
X =—
2 3
X=X, =——
~3-4/10 2
X, =—"—
2
2 _—
Example 5. Solve the equation: XX 5+ > 3x +4=0
X X +x-5
Solution:
2 —
X +Xx 5+ : 3x L4-0
X X" +x-35
2 —
X +Xx 5+3'2x L4-0
X X" +x-35
. x> +x-5 X 1
It is useful to take replacement ————=1¢ because then ————=-
X X +x-5 ¢
43204200 g ——dxvle-la  —4+2
t ’ 2 2
t*+3+4t=0 t,=—1
t*+4t+3=0 t,=-3



‘+x-5

. X
Back in the replacement ——— =¢

XX +x-5

—_— =1 or
X

X’ +x-5=-x

X H+x=5+x=0

x*+2x-5=0

—-2+4/4+20

2
X Hx=S g
X

xP+x-5==3x
X2 +x-543x=0
¥ +4x-5=0

_ —444/16+20

1,2 2 X3, = 62
2+ Xy, =
Vo= x=1 2
2426 X, =5
D N —
2
A—1id€}
Xio =

2
X =—1+6

X, :_1_\/3

{— 1+ \/g;—l — \/g,l,—S} are solutions

2) Binomial equations Ax"+B=0

These are the types of equations: Ax"+B=0 where A>0 and B>0.

First, we try to separate the equation ,using well-known formula , in factors , and use:

M-N=0&M=0v N=0

. . B
This equation can be always solved by the replacement x = yd% , when we get shape

Example 1. Solve the equation: 8x’ =27 =0
Solution:

8x’—27=0

(2x)* -3’ =0

I+



Watch out: it is wrong

8x’—27=0
(2x)’ -3’ =0

Use formula:

A’ =B’ =(4A-B)(4* + AB+ B*)
(2x=3)((2x)* +2x-3+3*)=0

8 8
Take heed: +/—108 =/108 -+/—1=+/36-3-i = 6:/3i

(2x—3)(4x> +6x+9)=0=>

8y° =27 because we “ lost” solutions!

2x=3=0 4x% +6x+9=0
=3 o ~6:++/36-144
3 Xo3 = 3
X ==
2 —6+/-108 —6+6+/3i
T T
—6+ 633
X, =—"—
—6—6/3i
X, =—-—"7—

L _m6+6V3i_2(-3+33) _-3+3V3i

: 8 8

4

X3

_ —6—6/3i _ 2(-3-34/3) _ ~3-33i

4



Example 2. Solve the equation: x°—729=0

Solution:

x*=729=0
x*=3°=0

() =3V =0 formula 1 & TATBATE)

(x’ =3)(x’+3’)=0
(x=3)(x* +3x+9)(x +3)(x* =3x+9)=0

x=3=0 or x*+3x+9=0 or x+3=0 or x*-3x+9=0

—3+/9-36
x, =3 x2,3:f
Lo_o3EV-27 33V
>3 2 8
3433 —3-3./3i
Xy =—— X, =—
2 2
+.9—
x+3=0-|x,=-3] X" -3x+9=0-— xs,éz#
3433 3-3/3i
BT S




Example 3. Solve the equation: 5x° +2=0

Solution:

replacement : x = yﬁ y» A=5, B=2, n=3

Back in the replacement x = yi/% :

2 2
x1=—1.3 §=—3 g
1+i\/§.3g and
2 5

5

3
2
5 y31= | +2=0

2
5.9 2+2=0
Ys

y2+2=0

2-(’+)=0= 3y’ +1=0

(y+D(*—y-D)=0

y+1=0
»=-1

or 1+/1-4




Example 4. Solve the equation: 11x*-17=0

replacement:x:yi/g s n=4, B=17, 4=11 = x=y4/%

4
ll-(y‘* %J ~17=0

11-y4%—17=0

Solution:

11-3p*-17=0=17(* =)= 0= y* —1=0
(=D +1)=0
(-Dr+D*+1) =0

y—1=0 or y+1=0 or Y +1=0

v =1 or y,=—1 or y:=-1
V3.4 =+/-1 =i
Yy =i
V=1

Back in x = yﬂ%



3) Trinomial equations ax> +bx" +c=0
These are the types of equations: ax> +bx" +c =0, where a,b and c are real numbers (different from zero).
These equations can be solved by replacement x" =t = x*" =¢*.
Example 1. Solve the equation: x°+7x’-8=0

Solution:

x°+7x°-8=0
(x’)’+7x-8=0  replacement: x’ =¢

t*+7t-8=0
t122—7i9
’ 2

t, =1

t,=-8

Back in the replacement:

3 _ 3-_8
x =1 or x
¥ =1=0 X’ +8=0
(x—D(x*+x+1)=0 x +2°
x—=1=0 v X2+X+1:0 (x+2)(x2_2x+4):0

x+2=0 v x*=2x+4

x =1 X =_1i\/§ x, =-2 _Zi\/z

2,3

2 Xs6 >
M E20E) 2+23i
2,3 2 x5’6 e

2
X6 = 144/3i



Example 2. Solve the equation:  x* +17x* +16=0

(x*)? =17x* +16=0

Solution: replacement : x* =¢
x> =17t+16=0
17£15
12 = >
t, =16
t,=1
x*=16 or xt=1
x4_16:0 x4—1:0
X' =24 =0 (x*=D(x*+1)=0
(x> =2°)(x* +2%) =0 (x=D(x+D(x*+1)=0
(x=2)(x+2)(x* +4)=0 x=1=0 v x+1=0V x*+1=0
x=2=0vyx+2=0v x*+4=0 x5:1’ xﬁ:—l, xZ:—l
=2 x,=-2 x'=—4 x78=i\/—_1
X4 =TV-4 X, =+i
x3:+2i x8:_l
x,=-2i

So, solutions are:

{2,-2,2i,-2i,1,~1,+i,~i}



4) Symmetrical (reciprocal) equations

ax" +bx" ' +ex" 4. +ex’ +bx+a=0

[ —

: 1
Replacement is: x+—=¢
X

2
[erlj =t
X

I 1
x2+2-x-—+—2:t
X X

2

1
X +2+—=1’
X

x? +i2 =t’-2— REMEMBER
X

Sometimes replacement is:

3
(x+lj =
X
| S

1
2 =43+ S+ =t
X X X

X’ +3x+3l+i3=t3

X X
X’ +3[x+lj+i3:t3
X X

x* +i3 =1’ -3t —> REMEMBER
X

etc. ...



Example 1. Solve the equation:  2x* +3x’ —16x” +3x+2=0

Solution:
We share the entire equation with x> because it is “intermediate”.

2x' 3¢ -16x" 3x 2

Z -0
x* X x’ XX
) 1 1
2x" +3x-16+3-—+2-— =0 group members!
X X
T

2(x2 +lj + 3(x + lj —~16=0 replacement: x + 1,
x x x

2(t2-2)+3t-16=0
2t —4+3t—-16=0

2t +3t-20=0
. _73E9+160 _-3£13
b2 4 4
5
tl =—4, t2 :E

Back in the replacement:

x+—=-4 )chl:é
X x 2
x2+1=-4x 2x*+2="5x
X2 +4x+1=0 2x* =5x+2=0
—4++16-4 5++/25-16
Xp =7~ Xyg =
2 4
x1:—2+\/§ x; =2
x2=_2_\/§ )(/‘4:l
2

Therefore, solutions are 2 and % ; =2+ V3 and —2-+/3. Are they reciprocal?

Itis obviously for 2 and % and what is with —2++/3 and —2—-+/3?

—2+443 2443 243 _(-2-43

1 I 23 —2-3 -2-43

Now (after rationalization),we see that it is also reciprocal.



Example 2: Solve the equation: 12x° +16x* —=37x> =37x> +16x+12=0

Solution:

This is the fifth degree equation, and one solution is obviously x = —1.Whole equation we will
share with (x+1).

(12x° +16x* =37x° =37x> +16x +12): (x +1) = 12x* +4x° —41x*> +4x+12

View polynomials sharing!!!

12x* +4x° —41x* +4x+12=0/: x>

12x2+4x—41+4-l+12-%:0
X X

L™/ 1

12(x2 +i2j+4(x+lj—41:0 replacement SPUULPRIN B S
x x x x

12(8 —=2)+4t—41=0
126 =24 +4t-41=0
126> +4t—65=0

—4+56
12704

Back in the replacement:

1 13 1 5
+—=— and X+—=——
x 6 X 2
6x° —13x+6=0 2x*+5x+2=0
13+£5 . -5+3
X = =
1,2 12 3.4 4
18 3 1
x1=—=— x3:__
12 2 2
8 2 X, =-2
x2 = —=
12 3

So: {é,z,—l,—L—l} are solutions!



Example 2: Solve the equation: x° —7x* +16x” —16x”> +7x—1=0

Solution:

x*=7x* +16x° —=16x* +7x—-1=0

L ']

One solution is x; =1. The whole equation we share with (x—1)

(X =7x* +16x° —16x> +7x=1):(x 1) = x* —6x° +10x* —6x +1

x*—6x’ +10x* —6x+1=0 it is symmetrical /: x’

x'—6x*+10x* —6x+1=0

x2—6x+10—6-l+iz=0
X X

Solutions are: xlzl,xzzl,x3:2+\/§,x4:2—\/§ and x, =1



